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a b s t r a c t
For a digraph D, the domination number of D is denoted by γ (D), the total domination
number of D is denoted by γt(D), and the digraph obtained by reversing all the arcs of
D is denoted by D−. We show that the difference γ (D−) − γ (D) can be arbitrarily large
in the class of 2-regular strongly connected digraphs, and similarly, γt(D−) − γt(D) can
be arbitrarily large in the class of 3-regular strongly connected digraphs. Similar results
for larger valencies were proved in Niepel and Knor (2009) [5]. We also show that every
2-regular digraphD satisfies γt(D) = γt(D−). Altogether this solves problems 1 and2posed
in [5].
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A digraph D consists of a non-empty finite set V (D) of elements called vertices and a finite set A(D) of ordered pairs of
distinct vertices called arcs. A digraph D is called simple if it contains neither loops nor parallel arcs. If for every vertex v
there are exactly δ arcs starting at v and exactly δ arcs terminating at v then D is δ-regular. If for every ordered pair u, v
of distinct vertices of D there exists a directed u − v path in D, then D is strongly connected. By reversing the arc (x, y), we
mean that we replace the arc (x, y) by the arc (y, x). The reverse of a digraph D (its converse) is the digraph D− which one
obtains from D by reversing all arcs. For a vertex v of D we use the symbol N(v) = {u ∈ V : (v, u) ∈ A(D)} to denote the
so-called open neighbourhood of v, while by N[v] = N(v)∪{v}we denote the closed neighbourhood of v. A set S of vertices is
a dominating set if ∪v∈S N[v] = V (D). The minimum size of a dominating set is the domination number γ (D) of D. Similarly,
if ∪v∈S N(v) = V (D) for some S ⊆ V (D), then S is called a total dominating set. The minimum size of a total dominating set
is the total domination number γt(D) of D. For subsets S and T of V (D), we say that S dominates T if S is a dominating set of
the subdigraph induced by S∪ T . An edge cover of an undirected graph G is a set of edgesW such that each vertex is incident
with at least one edge inW . The setW is said to cover the vertices of G.
Domination in undirected graphs is a well-studied part of graph theory because it has a lot of practical applications.
A summary of most important results and applications can be found in the book [2]. By contrast, domination in digraphs
have not yet gained the same amount of attention, although it has several useful applications as well. For example, it has
been used in the study of answering skyline query in database [3] and routing problems in networks [6].
Lee [4] established bounds for the domination number of a digraph in terms of the minimum indegree and the order. He
also determined the domination number of a random digraph. Some interesting relations between domination in a digraph
and in its reverse were derived in [1,5]. The following theorem is proved in [1].
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Theorem 1 ([1]). For every digraph D of order n ≥ 2 with no isolated vertices, the following bounds are tight:
2 ≤ γ (D)+ γ (D−) ≤ 4n
3
,
1 ≤ γ (D) · γ (D−) ≤ 4n
2
9
.
While these results bound the sum and the product of γ (D) and γ (D−), their difference was studied by Niepel and Knor
in [5].
Theorem 2 ([5]). Let δ and k be integers, δ ≥ 3 and k ≥ 1. Then there exists a simple strongly connected δ-regular digraph Dδ,k
such that γ (D−δ,k)− γ (Dδ,k) = k.
Theorem 3 ([5]). Let δ and k be integers, δ ≥ 4 and k ≥ 1. Then there exists a simple strongly connected δ-regular digraph Cδ,k
such that γt(C−δ,k)− γt(Cδ,k) = k.
We extend these results to the missing cases, which were formulated as problems.
Problem 1 ([5]). Can the difference γ (D−)−γ (D) be arbitrarily large in the class of 2-regular strongly connected digraphs?
Problem 2 ([5]). Can the difference γt(D−) − γt(D) be arbitrarily large in the class of 2-regular and 3-regular strongly
connected digraphs?
The only 1-regular simple strongly connected digraphs are the oriented cycles Cn on n ≥ 3 vertices. Since a cycle is
isomorphic to its reverse, we know that γ (Cn)− γ (C−n ) = γt(Cn)− γt(C−n ) = 0.
In the case of the domination number we show that Theorem 2 is true also for δ = 2. In the case of the total domination
number, Theorem 3 is true for δ = 3, but false for δ = 2; the total domination number of an arbitrary 2-regular digraph C
satisfies γt(C)− γt(C−) = 0. These results completely solve problems 1 and 2 posed in [5].
Knor and Niepel formulated another problem related to the ratios γ (D−)/γ (D) and γt(D−)/γt(D).
Problem 3 ([5]).What is the greatest ratio γ (D−)/γ (D) (or γt(D−)/γt(D)) if D is a δ-regular strongly connected digraph?
In our construction the greatest ratio is 4:3, and for infinitely many digraphs it is 7:6, which is the same as in the
construction of Knor and Niepel.
2. Our results
First of all, we present some observations about the (total) domination number of regular digraphs, which can be easily
proved by counting arguments.
Lemma 4. Let D be a δ-regular digraph on n vertices, then
(i) γ (D) ≥ n
δ+1 ,
(ii) γt(D) ≥ nδ ,
Moreover, if there exists a dominating set S or total dominating set St for which the equation holds in (i) or (ii),
respectively, then
(iii) γ (D) = n
δ+1 implies that every vertex in V (D) is dominated by a unique vertex from the minimum dominating set, and
(iv) γt(D) = nδ implies that every vertex in V (D) is totally dominated by a unique vertex from the minimum total dominating
set. 
2.1. Domination in 2-regular digraphs
In this section we construct a family of digraphs which solves Problem 1.
Lemma 5. Let B denote the digraph depicted in Fig. 1. The domination number of B satisfies γ (B−)− γ (B) = 1.
Proof. As we can see, B is 2-regular, strongly connected, and has 9 vertices, so its domination number satisfies γ (B) ≥
n
δ+1 = 93 = 3. Since {u1, u4, u7} is a dominating set, we have γ (B) = 3.
Now let us focus on its reverse B−. Let S be a minimum dominating set in B−. Suppose that |S| = 3.
Since u1 can be dominated by vertices u1, u2, u3, we distinguish three cases:
1. Let u1 ∈ S. Then vertices u1, u5, u9 are dominated by u1, therefore none of the vertices u2, u3, u5, u7, u9 can lie S by (iii)
in Lemma 4. Thus exactly two of the vertices u4, u6, u8 lie in S. However, N[u4] ∩ N[u6] ≠ ∅, N[u4] ∩ N[u8] ≠ ∅, and
N[u6] ∩ N[u8] ≠ ∅, hence S is not a dominating set of size 3, a contradiction.
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Fig. 1. The digraph B and its reverse B− .
Fig. 2. The digraph B2 .
2. Let u2 ∈ S. Then the vertices u1, u2, u8 are dominated by u2, thus none of the vertices u1, u3, u4, u6, u8, u9 lie in S. The
remaining two vertices u5 and u7 must belong to S. But {u2, u5, u7} is not a dominating set in B−, a contradiction.
3. Let u3 ∈ S. Similarly to the previous case we obtain that u5 and u9 belong to S, but {u3, u5, u9} is not a dominating set in
B−, a contradiction.
These contradictions establish our claim that B− has no dominating set of size 3. For example, {u1, u4, u6, u8} is a
dominating set in B−, thus γ (B−) = 4. 
Next, we show how to obtain a digraph Dk with the property γ (D−k )− γ (Dk) = k for an arbitrary positive integer k.
Let r be a positive integer. Take r disjoint copies B0, B1, . . . , Br−1 of B. Denote by uji the vertex of the j-th copy of B
corresponding to ui, where 1 ≤ i ≤ 9 and 0 ≤ j ≤ r − 1. Define the digraph Br as follows:
V (Br) =
r−1
i=0
V (Bi), A(Br) =
r−1
i=0
(A(Bi) ∪ (ui9, ui+11 ) \ (ui9, ui1)),
where the upper indices are taken modulo r . For example, the digraph B2 is depicted in Fig. 2.
Lemma 6. Let r be a positive integer. Then γ (Br) = 3r.
Proof. Since
r−1
i=0 {ui1, ui4, ui7} is a dominating set in Br , Lemma 4 implies the desired result. 
Lemma 7. Let r ≥ 2 be an integer and S a dominating set in B−r . Then for every i ∈ {0, 1, . . . , r − 1} we have |S ∩ (V (Bi) ∪
V (Bi+1))| ≥ 7, where the upper indices are taken modulo r. In other words, two consecutive copies of B in B−r contain at
least 7 vertices in common from any dominating set S of B−r .
Proof. Let i be an arbitrary integer from the set {0, 1, . . . , r − 1}. Denote by T the set S ∩ (V (Bi) ∪ V (Bi+1)), where the
upper indices are taken modulo r . We will denote the vertices in V (Bi) as u-vertices, and vertices in V (Bi+1) as v-vertices
(see Fig. 3). Since |V (Bi)∪ V (Bi+1)| = 18 and there is only one incoming arc to this set, it follows from similar arguments as
in Lemma 4 that |T | ≥ 6. We show that the case |T | = 6 cannot occur.
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Fig. 3. The consecutive copies Bi and Bi+1 of B−r .
Suppose that there exists a dominating set S for which T contains exactly six vertices. This is possible only if T has three
u-vertices and three v-vertices. In this situation each vertex in V (Bi) ∪ V (Bi+1) \ {v9} is dominated by a vertex in S, by
Lemma 4. The vertex v9 is an exception, because it is the endpoint of an arc initiated outside of V (Bi) ∪ V (Bi+1).
Suppose that v1 ∈ S. Then by the same argumentation as in the first case in the proof of Lemma 5 we find out that three
v-vertices are insufficient to dominate the entire set of v-vertices. Therefore, if there exists a set S for which |T | = 6, then
v1 ∉ S.
Since u1 can be dominated by vertices u1, u2, u3, we will distinguish two cases:
1. Let u1 ∈ S. In this case necessarily v1 ∈ S, otherwise three u-vertices cannot dominate the entire set of u-vertices. But v1
cannot lie in S, a contradiction.
2. Let u2 ∈ S (u3 ∈ S, respectively) and u1 ∉ S. Then necessarily v1 ∈ S, because otherwise u-vertices are dominated only
by u-vertices, and as we saw in the proof of case 2 (case 3, respectively) in Lemma 5 it is impossible; again a contradiction
with v1 ∉ S.
This case analysis shows that there is no dominating set S such that |T | = 6. Hence |T | ≥ 7 as desired. 
The previous lemma has an important corollary for B−r .
Corollary 8. Let r ≥ 2 be a positive integer. Then

γ (B−r ) ≥
7r
2
if r is even;
γ (B−r ) ≥
7r + 1
2
if r is odd.
Proof. Let us first consider even r . The vertex set of V (B−r ) can be partitioned into r/2 pairs of mutually disjoint consecutive
copies of B, thus γ (B−r ) ≥ 7r/2.
If r is odd then r = 2q + 1 for certain q. At most q copies of B can contain exactly three dominating vertices from a
dominating set, therefore, γ (B−r ) ≥ 3q+ 4(q+ 1) = 7q+ 4 and the result follows. 
Lemma 9. Let r be a positive integer. Then

γ (B−r ) =
7r
2
if r is even;
γ (B−r ) =
7r + 1
2
if r is odd.
Proof. For r = 1 the statement is identical to that in Lemma 5. If r ≥ 2 then the set
S =
⌊ r−12 ⌋
i=0
{u2i1 , u2i4 , u2i6 , u2i9 } ∪
⌊ r−22 ⌋
i=0
{u2i+12 , u2i+14 , u2i+17 }
is a dominating set in B−r and the result follows from the previous corollary. 
Now,we are ready to prove the first of ourmain results, which shows that the difference γ (D−k )−γ (Dk) can be arbitrarily
large also in the family of the 2-regular strongly connected digraphs.
Theorem 10. Let k be an arbitrary positive integer. Then the digraph B2k satisfies γ (B−2k)− γ (B2k) = k.
Proof. The statement immediately follows from Lemmas 6 and 9. 
Corollary 11. Let δ and k be integers, δ ≥ 2 and k ≥ 1. Then there exists a simple strongly connected δ-regular digraph Dδ,k such
that γ (D−δ,k)− γ (Dδ,k) = k.
2.2. Total domination in 3-regular digraphs
In the previous section we have constructed a family of digraphs showing that the difference between the domination
number of the simple 2-regular digraphs and their reverse can be arbitrarily large. In this section, we show how to obtain
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Fig. 4. The relationship between NBr [ui2] in Br and NB˜r (u˜i1) in B˜r .
Fig. 5. The digraph B˜1 .
a family of simple 3-regular digraphs with the same property for the total domination number. We shall use the trivial fact
that every vertex in a 2-regular digraph dominates 3 vertices, and every vertex in a 3-regular digraph totally dominates 3
vertices.
For every positive integer r , let B˜r be the digraph obtained from Br in the following way. Let V (B˜r) = V (Br). The
adjacencies of vertices in B˜r will be givenby an isomorphismbetweenopenneighbourhoods in B˜r and closedneighbourhoods
in Br . This isomorphism will be given by a permutation ϕ = (1 5 6 4 8 9 7 3 2) on the set J = {1, 2, 3, 4, 5, 6, 7, 8, 9} of
lower indices of vertices. Hence NB˜r (u
i
ϕ(j)) = NBr [uij] for every i = 0, 1, . . . , k−1 and j ∈ J . An example is displayed in Fig. 4.
(Note that the simple assignment NB˜r (u
i
j) = NBr [uij] is not suitable because it would create loops in B˜r .) From the definition
of B˜r it follows that B˜r is 3-regular and contains neither loops nor parallel arcs, so it is simple. It is easy to check that B˜r is
strongly connected. The smallest digraph B˜1 obtained in this manner is shown in Fig. 5.
Lemma 12. A set of vertices {ui1j1 , . . . , u
ip
jp} ⊆ V (Br) of size p is dominating in Br if and only if {ui1ϕ(j1), . . . , u
ip
ϕ(jp)} is a total
dominating set of size p in B˜r . Hence γ (Br) = γt(B˜r).
Proof. From the isomorphism ϕ we obtain
V (B˜r) = V (Br) =
p
t=1
NBr [uitjt ] =
p
t=1
NB˜r (u
it
ϕ(jt )),
which proves our claim. 
A very similar result holds for the reverse digraphs:
Lemma 13. A set of vertices {ui1j1 , . . . , u
ip
jp} ⊆ V (Br) of size p is dominating in B−r if and only if it is a total dominating set in B˜−r .
Hence γ (B−r ) = γt(B˜−r ).
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Proof. In the reverse digraph isomorphism ϕ maps a closed neighbourhood NB−r [uhg ] = {u
h1
g1 , u
h2
g2 , u
h3
g3 } in B−r to an open
neighbourhoodNB˜−r (u
h
g) = {uh1ϕ(g1), u
h2
ϕ(g2)
, uh3ϕ(g3)} in B˜−r . So if∪
p
t=1 NB−r [uitjt ] covers the entire set of vertices, then∪
p
t=1 NB˜−r (u
it
jt )
covers it too, and vice versa. 
Thus the next result is an immediate consequence of Theorem 10 and the latest lemmas.
Theorem 14. For every positive integer k, the digraph B˜2k satisfies γt(B˜−2k)− γt(B˜2k) = k. 
Corollary 15. Let δ and k be integers, δ ≥ 3 and k ≥ 1. Then there exists a simple strongly connected δ-regular digraph Cδ,k such
that γt(C−δ,k)− γt(Cδ,k) = k.
2.3. Total domination in 2-regular digraphs
Let C be a simple 2-regular digraph with n vertices. Construct two undirected graphs G and H in which there are allowed
multiple edges. Let V (G) = V (C) and V (H) = V (C). For every pair of distinct vertices u and v such that there exists x with
(u, x) and (v, x) in A(C), we add to G one edge joining u and v. Similarly, if there exists xwith (x, u) and (x, v) in A(C), we add
to H one edge joining u and v. It is easy to see that G and H are 2-regular graphs but not necessarily simple nor connected.
They may contain parallel edges. This means that G and H are unions of disjoint cycles, in which 2-cycles are allowed. For
every vertex u ∈ V (C) there is exactly one unordered pair {v1, v2} for which (u, v1), (u, v2) ∈ A(C), and similarly, there is
exactly one unordered pair {w1, w2} for which (w1, u), (w2, u) ∈ A(C). Thus v1v2 ∈ E(H),w1w2 ∈ E(G) and to every vertex
in C there corresponds one edge in G and one in H , respectively. It is convenient to formulate this correspondence in terms
of line graphs. The line graph L(G) of a graph G is the graph on vertex set E(G) in which x, y ∈ E(G) are adjacent if and only
if the corresponding edges share at least one endpoint in G. If they share both endpoints then there are two parallel edges
in L(G) between x and y.
Lemma 16. The graph H is isomorphic to the line graph of G.
Proof. Let e1 = xw1 and e2 = xw2 be two adjacent edges in G. By the definition of G, there exist vertices u, v ∈ V (C) such
that (x, u), (w1, u), (x, v), (w2, v) ∈ A(C). Thus, by the definition of H , the vertices u and v are adjacent in H because (x, u)
and (x, v) are arcs of C . If two edges e1 = u1u2 and e2 = v1v2 are non-adjacent in G, then the corresponding vertices, say
w1 andw2, cannot be adjacent in H because they have in-degree two in C and the vertices u1, u2, v1, v2 are distinct. 
Since a cycle is isomorphic to its own line graph, the previous lemma has the following corollary.
Corollary 17. Graphs G and H are isomorphic.
Lemma 18. Total dominating sets in a 2-regular digraph C are in one-to-one correspondence with edge covers in G.
Proof. Let x, w1, w2 be vertices in C such that (x, w1), (x, w2) ∈ A(C). Then inserting x into the total dominating set S is
equivalent to inserting the edgew1w2 into the edge cover X and vice versa. 
If we replace C by C− and G by H in the previous lemma then the statement remains valid.
Corollary 19. A minimum total dominating set in C (in C−) and a minimum edge cover in G (in H) have the same size.
Theorem 20. Every 2-regular simple digraph C satisfies γt(C) = γt(C−).
Proof. Since G and H are isomorphic graphs Corollary 19 implies the statement. 
In otherwords, Theorem20 says that the difference γt(C)−γt(C−) is always zero in the case of 2-regular simple digraphs,
which means that we have completed the solution of Problem 2.
3. Conclusion
Our family of digraphs satisfies
γ (B−2k)
γ (B2k)
= γt(B˜
−
2k)
γt(B˜2k)
= 7
6
, and
γ (B−2k−1)
γ (B2k−1)
= γt(B˜
−
2k−1)
γt(B˜2k−1)
= 7k− 3
6k− 3
k→∞−−−→ 7
6
.
So the greatest attained ratio in our construction of Br and B˜r is 4:3 for r = 1, while for greater r the ratio is smaller and
tends to 7:6. Therefore we modify Problem 3 in the following way:
Question. For a fixed positive integer k, what is the greatest ratio γ (D−)/γ (D) (or γt(D−)/γt(D)) which can be attained by a
δ-regular strongly connected digraph D satisfying γ (D−)− γ (D) = k (or γt(D−)− γt(D) = k)?
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